DIFFERENTIAL HARNACK ESTIMATES FOR TIME-DEPENDENT 
HEAT EQUATIONS WITH POTENTIALS 
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Abstract. In this paper, we prove a differential Harnack inequality for positive 
solutions of time-dependent heat equations with potentials. We also prove a gradient 
estimate for the positive solution of the time-dependent heat equation. 
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1. Introduction 



In this paper, we will study time-dependent heat equations with potentials on 
Q ! closed Riemannian manifolds evolving by the Ricci flow 

rS' d9ij - 9R 

We will derive differential Harnack inequalities (also known as Li-Yau type Harnack 
estimates) for positive solutions of parabolic equations of the type 

OO : dt 



J- = A 9{t) f + Rf, 



^ \ where A s ( t ) depends on time t, R is the scalar curvature of g(t). 

The study of differential Harnack estimates for parabolic equations originated in 

f»^ . P. Li and S.-T. Yau's paper |LY86j . in which they proved a differential Harnack 

inequality for positive solutions of the heat equation on Riemannian manifolds with a 
fixed metric. Namely they proved that, if / is a positive solution to the heat equation 

^--Af 
k>< , at 

5^ ■ on a Riemannian manifold with nonnegative Ricci curvature, then 

^-ln/-|Vln/| 2 + - = Aln/ + ->0. 
dt J ' Jl 2t J 2t ~ 

The idea was later brought to study general geometric evolution equations by the sec- 
ond author. The differential Harnack estimates have become an important technique 
in the studies of geometric flows. 

In |Ham93a] . the second author proved a Harnack estimate for the Ricci flow on 
Riemannian manifolds with weakly positive curvature operator, its trace version, 

(1.1) — + - + 2VR-V + 2Rc(V } V) >0 
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(here V is any vector field), will be needed in our proof. B. Chow and S.-C. Chu 
[CC95J gave a nice geometric interpretation by showing that the Harnack quantity is 
the curvature of a degenerate metric in space-time. In the case of surface, Harnack 
estimates have been proved by the second author in |Ham88] with positive scalar 
curvature and by B. Chow in |Cho91bj with arbitrary curvature, respectively. B. 
Chow and the second author generalized their results for the heat equation and for 
the Ricci flow on surfaces in [CH97 . 

The second author proved a matrix Harnack estimate for the heat equation in 
[Ham93bJ. The fundamental solution and Harnack inequality of time-dependent heat 
equation have also been studied by C. Guenther [Gue02j . In [CN 05J. H.-D. Cao and 



L. Ni proved a matrix Harnack estimate for the heat equation on Kahler manifolds. 
Harnack inequalities have also been discovered for other geometric flows. The second 
author proved a Harnack estimate for the mean curvature flow in |Ham95j . B. Chow 
proved Harnack estimates for Gaussian curvature flow in [Cho91aj and for Yamabe 
flow in [Cho92j . For the Kahler- Ricci flow, H.-D. Cao proved a Harnack estimate 
in |Cao92j and L. Ni proved a matrix Harnack estimate in [Ni07] . In |And94j . B. 
Andrews obtained Harnack inequalities for various evolving hypersurfaces. In [Per02j . 
G. Perelman proved a Harnack estimate for the fundamental solution of the conjugate 
heat equation under the Ricci flow. More precisely, let (M,g(t)), t G [0,T], be a 
solution to the Ricci flow on a closed manifold, / be the positive fundamental solution 
to the conjugate heat equation 

|/=-A/ + iV, 

r = T — t and u = — In / — ^ ln(47rr). Then on (0, T), G. Perelman proved that 

2Au-\Vu\ 2 + R+---<0 

T T 

(see [Ni06j or jCCG+071 Chapter 16] for a detailed proof). 

In the present paper, let (M,g(t)), t G [0, T), be a solution to the Ricci flow on a 
closed manifold, / be a positive solution of the time-dependent heat equation with 
potential, i.e., 

(1-2) d -§ = ~ m ^ 

(1-3) %=^9(t)f + Rf- 

Notice that under the Ricci flow, we have 

(i - 4) iL m=o - 

We also assume that g(Q) has weakly positive curvature operator, this property is 
preserved by the Ricci flow (see [Ham86j). Our first main theorem is the following, 

Theorem 1.1. Let (M,g(t)), t G [0, T), be a solution to the Ricci flow (CQ|) on a 
closed manifold, and suppose that g(t) has weakly positive curvature operator. Let f 
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be a positive solution to the heat equation U.3\) . u = — In / and 

1 
Then for all time t 6 (0, T) 



H = 2Au - I Vd 2 -3R- 2-. 

1 ' t 



H < 0. 

We shall also prove the following theorem, 

Theorem 1.2. Let (M,g(t)), t G [0, T), be a solution to the Ricci flow U.fy) on a 
closed manifold, and suppose that g(t) has weakly positive curvature operator. Let f 
be a positive solution to the heat equation U.3\) . v — — In / — | ln(47r£) and 

P = 2Av - |Vd 2 - 3R + - - d-, 

11 t t 

where d is any constant. Then for all time t G (0, T), we have 

^(tP) =A(tP) - 2V(tP) • Vv - 2t\v tj - Rij - ^ gij \ 2 

- 2t{AR + 2\Rc\ 2 + - + 2VR ■ Vv + 2R ij v i v j ). 

Moreover, maxtP is non-increasing. 

Remark 1.1. In [Cao08] . the first author uses a similar method and proves a dif- 
ferential Harnack inequality for all positive solutions of the conjugate heat equation 
under the Ricci flow, notice that Perelman's Harnack inequality is only valid for the 
fundamental solution, while the estimate in [Cao08j has no such restriction (but re- 
quires nonnegative scalar curvature). Such Harnack inequality for the conjugate heat 
equation has also been proved by S. Kuang and Q. Zhang |KZ06j recently. 

As one can see that our equation (1.3) is corresponding to the heat equation under 
the Ricci flow, in the sense of (1.4). Li-Yau's Harnack inequality gives an estimate on 
the heat kernel. The Harnack estimate of the Ricci flow on surfaces gives a control 
on curvature growth. The general Harnack estimate of the Ricci flow allows one to 
classify the ancient solutions of nonnegative curvature operators. Perelman's Harnack 
inequality proves noncollapsing under the Ricci flow. We expect our Harnack estimate 
to have similar applications in the study of the Ricci flow. There are geometric 
quantities which satisfy equation (1.3), for example, the scalar curvature on surfaces. 
Hence our Harnack estimate should lead more information of the blow-up. We also 
expect this estimate will be useful in understanding the Ricci solitons, as the soliton 
potential satisfies a heat-type equation. More importantly, the method used here will 
help us searching for more interesting Harnack inequalities in the Ricci flow as well 
as in other geometric flows (for example, see [Cao 08j). 

The rest of this paper is organized as follows. In section 2, we will first derive 
a general evolution formula for function H, then we give the proof of Theorem 11.11 
We will prove a integral version of the Harnack inequality (Theorem 12.31) . Finally, 
we reprove some early results on surfaces. In section 3, We will derive the general 
evolution formula for function P, then we prove Theorem 11.21 In section 4, we will 
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define two functionals which are associated to the above two Harnack quantities, and 
show that they are monotone under the Ricci flow. Finally, in section 5, as a special 
case of the general evolution formula, we will prove a gradient estimate for positive 
and bounded solutions to the heat equation under the Ricci flow. 

Acknowledgement: The first author thanks Laurent Saloff-Coste, for many help- 
ful discussion on various aspects of Harnack inequalities, and for pointing out the 
reference |Stu96j to him. 

2. Proof of Theorem 11.11 

Let us consider positive solutions of 

|/ = A/-dV 

for all constant c which we will fix later. Let / = e~ u , then In/ = —u. We have 

d d 

m lnf = -d-t u ' 

and 

V In / = - Vu, A In / = -Au. 

Hence u satisfies the following equation, 

d 
(2.1) — u = Au - \Vu\ 2 + cR. 

at 

Lemma 2.1. Let (M,g(t)) be a solution to the Ricci flow, and u satisfies Ii2.1\) . Let 

H = aAu - B\Vu\ 2 + aR-b d-, 

n ' t t 

where a, (3, a, b and d are constants that we will pick later. Then H satisfies the 
following evolution equation, 

|tf = AH - 2VH • Vu - (2. - 2fflh, - ^R, - ^ - *^±H 

+ (1 - 2 ° ~ W \)d^ + acAR + (2a + - a \ a )\Rc\ 2 

+ (aX + a A — be) 2aRijUiUj + 2(o — (3c)VR ■ Vu, 

a t 

where A is also a constant that we will pick later. 

Proof. The proof follows from a direct computation. We first calculate the first two 
terms in H , 

d 

-(Aw) = A (Am) - A(| Vu\ 2 ) + cAR + 2R ijUij , 
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and 

d 

— \Vu\ 2 =2Vu ■ VA« + 2Rc(Vu, Vu) - 2Vu • V(|Vw| 2 ) + 2cVu ■ VR 

=A(|Vu| 2 ) - 2|VVu| 2 - 2Vu ■ V(\Vu\ 2 ) + 2cVu ■ VR, 

here we used 

A(|Vw| 2 ) = 2Vu • AV« + 2| VVw| 2 , 

and 

AVtt = VA« + i?c(V«,-)- 
Using the evolution equation of R, 





^-R = AR + 2\Rc\ 2 J 
at 



and (12.11) . we have 



— H =AH - aA(|V«| 2 ) + 2aR ijUij + 2fJ\VVu\ 2 + 28Vu ■ V(|Vw| 2 ) 

+ 2a\Rc\ 2 + b ] - l - + d- + b- + acAR - 2(3cVu -VR-b— 

t t 2 t 2 t 

Wu\ 2 
=AH - 2VH ■ Vu + 2 (a - f3c) VR ■ Vu - V- l - - 2aR ij u i u j 



(2a - 28)\VVu\ 2 + 2aR ij u lj + 2a\Rc\ 2 + b- + d— + acAR - b— 



u , n cR 

— + d— + acAR - b — 
t 2 t 2 t 



--AH - 2VH ■ Vu + 2(o - 8c) VR ■ Vu - 2(a - 8)\u 



aRij ^9ij ,2 

'■' ~ 2{a- (3) ~1>T 1 



2 <" - «7< A " - 2(^j> + <<* - »>W + < 2 « + 2^J)^ 



Vti u ti cR 

— b 2aRnUiU~ + 6— + d— + acAR — b — 

t 3 3 t 2 t 2 t 

--AH - 2VH ■ Vu + 2(o - 8c) VR ■ Vu - 2(a - 8)\u 



aR^ Xgij , 2 

'■'"~ 2{a- f3) ~ <2p 



2(a-/3)A rr . . 2(a-/9), , ,i? , m nA 2 

-A ^_ff + (aX + a^ ^A - be)- + (a - 8) — - 

at a £ 2r z 

/ — tx)\Rc\ - (b + — —XBy- — ' 



+ ( 2a + 7T7T ^)l i?c ! 2 - ( b + i A/3)^- - 2aR ij u i u j 



2(a — /?),., it . 2(a — 8) , . ,n . „ 

1 - -i -Ak + (1 - -i —Ad- + acAR. 

at 2 at 2 



a 



In the above lemma, let us take a = 2, 8 = 1, a = —3, c = — 1, A = 2, 6 = 0, d — 2. 
As a consequence of the above lemma, we have 
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Corollary 2.2. Let (M,g(t)) be a solution to the Ricci flow, f be a positive solution 
of 

9 ;f = Af + Rf, 



df 



let u = — In / and 



n 



(2.2) H = 2Au-\Vu\ 2 -3R-2 

i 

Then we have 

(2.3) —H =AH - 2VH ■ V« - 2\u tj - R {j - - gij \ 2 --H- -\Vu\ 2 

C/6 6 6 6 

- 2AR - 4\Rc\ 2 - 2 4VR ■ Vu - ARamUi 

t 

1 2 2 

=AH - 2VH ■ Vn - 2\u {j - R {j - -o i7 -| 2 - -H - -\Vu\ 2 

t t t 

f) R 

- 2(—R + - + 2VR ■ Vu + 2R ij u i u j ). 

Now we can finish the proof of Theorem 11.11 

Proof. (Proof of Theorem ll.il) It is easy to see that for t small enough that H(t) < 0. 
Since gij has weakly positive curvature operator, by the trace Harnack inequality for 
the Ricci flow proved by the second author in [Ham93a] . 

f) R 

—R + — + 2VR ■ Vu + 2R ij u i u j > 0. 
at t 

It follows from f)2.3p and maximum principle that 

H <0 

for all time t. □ 

Remark 2.1. The theorem is also true on complete non-compact Riemannian man- 
ifolds when we can apply maximum principle. For example, if we assume that R is 
uniformly bounded and Au has a upper bound for all time t. 

We now can integrate along a space-time path, and we have the following, 

Theorem 2.3. Let (M,g(t)), t G [0,T), be a solution to the Ricci flow on a closed 
manifold, and suppose that g(t) has weakly positive curvature operator. Let f be a 
positive solution to the heat equation 

!/ = A/ + /y. 

Assume that (xi,ti) and (22,^2), < ti < £2, are two points in M x (0,T). Let 

r = inf f (\^\ 2 + R)dt, 
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where 7 is any space-time path joining (xi,ti) and (x 2 ,£ 2 ). Then we have 



/On,ti)</(x 2 ,t 2 )(^rex P r / 2 



,t_ 

ti 
Proof. Since H < and u satisfies 

d 

—u = Au- |Vd 2 - R, 
dt 1 1 > 

we have 

2— w+ Vw 2 -i? < 0. 

dt ' ' i _ 

If we pick a space-time path 7(2;, i) join (xi,ti) and (x 2 ,£ 2 ) with i 2 > t± > 0, then 
along 7, we have 

— u = -z-u + Vw • 7 
dt dt 

<--|V«| 2 + - + - + Vm- 7 

<7^(l7| 2 + ^) + f 
Hence 

u(x 2 ,i 2 )-M(xi,ii) < -inf / (| 7 | 2 + J R)(it + nln(- 2 -). 

2 7 y tl ii 

If we denote T = inf 7 J t 2 (|7| 2 + R)dt, then we have 

/(xi,*i)</(x 2 ,«2)(^) B exp r / 2 . 

This finishes the proof. □ 

In the rest of this section, we will restrict ourselves on surfaces. We will reprove 
some early results of B. Chow and the second author in the case of n = 2. Take 
a = 1, /3 = 0, a = c = — 1, b = d = and A = 0, let 

H = Au-R 

and 

tlij = u ij ~ ^R9ij- 

On surfaces, 

d 

—R = AR + R 2 , 
at 

hence we have 

o 1 Q 

— H =AH - 2VH ■ Vw - 2VR • Vu - 2\ua - -Rd 2 - -\Rc\ 2 - 2R ij u i u j - AR 
at 2 2 

=AH - 2\H ij \ 2 - 2WH -Vu-RH - R 2 - 2VR ■ Vu - R\Vu\ 2 - AR 
(2.4) 

=AH - 2\H ii \ 2 - 2VH -Vu-RH- R\Vu + V lni?| 2 - R(-^ - IV lnR\ 2 ). 
I yl l I V Q f I I ) 
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If we further let / = R and u = — In R, we have 

d 

—H = AH- 2\H ii \ 2 + 2VH • V In R. 

at 

It follows that H — | < 0. As a consequence, we have 

Corollary 2.4. (Hamilton |Ham88| ) If(M 2 ,g(t)) is a solution to the Ricci flow on 
a closed surface with R > 0. The scalar curvature R satisfies 

d 

—R = AR + R 2 . 
at 

Then 

d 11 

(2.5) — InR- \V\nR\ 2 + - = AI11R + R+- > 0. 

ot t t 

Using the above Corollary 12.41 plugging into f)2.4p . we have 

Corollary 2.5. (Chow- Hamilton [CH97J ) If (M 2 , g(t)) is a solution to the Ricci flow 
on a closed surface with R > 0, and f ia a positive solution to 



Then 



d , , ,„, „ |2 . 1 .,..„.! 



(2.6) -ln/-|Vln/| i + - = Aln/ + J R+->0. 

Remark 2.2. When n = 2, \2. 5\) or \2. 6]) implies our Harnack estimate in Theorem 

EH 

3. Proof of Theorem 11.21 

In this section, let / = (4nt)~ n / 2 e~ v , then In/ = — | ln(47rt) — v. We have 

d d n 

m lnf = -d-t v -^ 

and 

Vln/ = -Vu, Aln/ = -Av. 

Hence v satisfies the following equation, 

ft 71 

(3.1) i-v = Av-\Vv\ 2 + cR--. 
y J dt ' ' 2t 

Lemma 3.1. Let (M,g(t)) be a solution to the Ricci flow, and v satisfies A3.1\) . Let 

1) Ti 

(3.2) P = aAv- \\7v\ 2 + aR-b--d-, 
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where a, a, b and d are constants that we will pick later. Then P satisfies 



—P =AP - 2VP • Vv + 2(o - c)VR ■ Vv - (2a - 2)k 7 - —Ra ga\ 2 

dt K J y Jl 3 2a -2 3 2t 3 

2a -2\^ . , 2a -2. , ,R , lX nA 2 /n a 2 .._ r 

-_ _ 7 i» + («A + «- 5 -A-Jc) 7 + (a-l) 1 p- + (2. + sr - 5 )|ifc|- 

,, 2a-2 JVd 2 „ „ 2a-2^v ,n 
-(b+ ~^— A )^- ~ ZaRijViVj + (l —^ b p + b ^ 



2a — 2 n 
+ (l X)d— + acAi?, 



where X is also a constant that we will pick later. 

Proof. The proof again follows from direct computation. Recall that we have 

d 

-(At;) = A(Au) - A(|Vv| 2 ) + cAR + 2R ij v ij , 

and 



d 

— | Vv\ 2 =2Vv ■ VAt) + 2Rc{Vv, Vv) - 2Vv ■ V(| Vv\ 2 ) + 2cVw • VR 

=A(\Vv\ 2 ) - 2|VVt;| 2 - 2Vv ■ V(|Vu| 2 ) + 2cVv ■ VR, 



here we used 



A(\Vv\ 2 ) = 2Vv ■ AVv + 2|VVv| 2 , 



and 

AVv = VAv + Rc(Vv, 
Using the evolution equation of R, 

d 

—R = AR + 2\Rc\ 2 , 
at 
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and (13.11) . we arrive at 

d 

—P =AP - aA(\Vv\ 2 ) + 2aR ij v ij + 2|VVw| 2 + 2Vv ■ V(\Vv\ 2 ) 

+ 2a\Rc\ 2 + b- - + b— + d- + 6- + acAR - 2cVv -VR-b — 

t 2t 2 t 2 t 2 t 

Wv\ 2 
=AP - 2VP ■ Vv + 2{a - c)VR ■ Vv - b l - { - - 2aR ij v i v j - (2a - 2)|VVv| 2 

v 



v , n ,n , „ cR 

• , , 1 ,,, "t Ao\Rc\ tc „ , . .. . . . . , . . 

V K I I t 2 2t 2 t 2 t 



+ 2aR ij v ii + 2a\Rc\ 2 + b^ + b^ + d-^- + acAR - b^ 

=AP - 2VP ■ Vv + 2{a - c)VR ■ Vv - (2a - 2)\ Vlj - -% - - gij \ 2 

la — A At 

~ ^ ~ ^ ~ ^b«> + < 2 « " 2 >^ + < 2 » + 2^>l*l 2 

\Vv\ 2 v n n cR 

- b — 2aR ij v i v j + b— + b— + d— + acAR - b— 

ot A 

=AP - 2VP ■ Vv + 2(a - c)VR ■ Vv - (2a - 2)| % - -^ - — 9ij \ 2 

la — 2 At 

2« — 2A„ , , 2a — 2, , .P . . nA 2 . a 2 ..„ l9 

-P + (aA + a A - 6c - + (a - 1 W + (2a + -)\Rc\ 2 

at a t At Aa — A 

,, 2a-2AVv\ 2 n n /n 2a-2^.v n 

- (b + ——X)i-A. - 2aR ij v i v j + (1 - — ^— A)&^ + b— 

+ ^-^zlx)d^ + acAR. 
a t 2 

□ 

In the above lemma, let take a = 2, a = —3, 6 = — 1, c = — 1, A = 1. Then we have 

Corollary 3.2. Let (M,g(t)) be a solution to the Ricci flow, f be a positive solution 
of 

let v = — In / — I ln(47rt) and 

P = 2Aw - |Vt;| 2 - 3P + - - d-. 
11 t t 

Then we have 

— P =AP - 2VP ■ Vv - 2\va ~ Ra 9a I 2 - -P 

- 2(AP + 2|Pc| 2 + - + 2VP • Vv + 2R tj ViVj), 
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i.e., 

(3.3) ^(tP) =A(tP) - 2V(tP) • Vv - 2t\ Vij - R l3 - ^g tJ \ 2 

ID 

- 2t(AR + 2\Rc\ 2 + — + 2VR ■ Vv + 2R ij v i v j ). 

Now we are ready to prove Theorem 11.21 

Proof. (Proof of Theorem IX.2I) It is easy to see that the proof follows from Corollary 
13.21 the trace Harnack inequality ( 11. ip for the Ricci flow and the maximum principle. 

D 

4. Entropy Formulas and Monotonicities 

In this section, we will define two entropies which are similar to Perelman's, and 
we will show that both of them are monotone under the Ricci flow. Let (M,g(t)) be 
a solution to the Ricci flow on a close manifold, and / be a positive solution of (II. 3p . 
Let u — — In / and H defined as in (12.21) , we have 

Theorem 4.1. Assume that (M,g(t)) be a solution to the Ricci flow with weakly 
positive curvature operator. Let 

H = 2Au- \Vu\ 2 -3R-2- 

and 

F= [ t 2 He- u dfi, 



JM 

then Vt e (0,T), we have F < and 

d 



-F <0. 

dt ~ 



Proof. The fact that F < follows directly from H < 0. We calculate its time 



derivative, using (12.31) and -ird/jL — —Rdfi, we have 



^-F= f (2tHe- u + t 2 e~ u ^-H + t 2 H^- e - u - Rt 2 He' u )d^ 
dt J M K dt dt ! P 

= f [A{t 2 He- u ) - 2t 2 e~ u \u ij - R {j - - gij \ 2 - 2te' u \S/u 

JM t 



r) R 

2t 2 e~ u (—R +- + 2VR ■ Vu + 2R ii u i u i )]du < 0. 
at t 



D 



Remark 4.1. If we consider the system 



± 9ij = -2{Rij + ViVjU) 

^u = Au — R, 
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then the measure dm = e~ u d\i is fixed. This system differs from the original system 

Qt9ij = —^ttij-, 

§- t u = An- \Vu\ 2 - R 

by a diffeomorphism. 

Now we consider v — — In / — f ln(47rt) and P be defined as in (13. 2p . we have 

Theorem 4.2. Assume that (M,g(t)) be a solution to the Ricci flow with weakly 

positive curvature operator. Let 

v n 
P = 2Aw - \Vv\ 2 -3R + --d-, 
11 t t 

where d is a constant. Let 

W = [ tP(A-Kt)~ n/2 e- v dii, 

J M 

then Vt G (0,T) ; we have 



dt ~ 



Proof. Using ( 11.3J) . ( 13. 3ft and j^dfi = —Rdfi, we have 

—W = ! \PU>Kt)- n l 2 e- v + tU-Kt)- n ' 2 e- v ^-P + tP^-(U7rt)-^ 2 e- v ) 
dt J M [ v ' K ' dt dt KK J ' 

- RtP(A7it)- n/2 e- v ]dfj, 
= [ [A(tPe- v )-2te- v \v ij -R ij -±- 



2i 9ij ^ 



f) R 

2te~ v (—R +- + 2VR ■ Vv + 2R ij v i v j )](4nt)~ n/2 dfi < 0. 



5. A Gradient Estimate for the Heat Equation 



□ 



In this section, we consider a special case of our general evolution formula in Lemma 
12.11 Let consider the positive solution / to the heat equation 

(5.1) |/ = A/, 

since the equation is linear, without loss of generality, we can assume that < / < 1. 
Let / = e~ u , then u satisfies 

(5.2) — u = Au- |Vd 2 , 
v ' dt ' ' 

and u > 0. 



In the proof of Lemma I2.1[ let take a = 0, (3 = — 1, a = c = 0, 6 = 1 and d = 0, 
then 

*=|V«|'-£ 
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and we have 

d 1 

(5.3) — H=AH-2VH- Vu - -H - 2\VVu\ 2 , 

y ' dt t ' ' ' 

Theorem 5.1. Let (M,g(t)), t G [0, T), be a solution to the Ricci flow on a closed 
manifold. Let /(< 1) be a positive solution to the heat equation 115. 1\) . u— — In/ and 

u 



Then for all time t G (0, T) 
Hence on (0, T), 



H= \Vu\ 

1 ' t 



H <0. 



|v/P<- /2lll/ 



Proof. Notice that as £ small enough, H < 0, now the proof follows from (I5.3P and 
the maximum principle. □ 

Remark 5.1. In this case, we do not need any curvature assumption. 

Remark 5.2. Q. Zhang told us that he has proved the same estimate as our Theorem 
I5.il in |Zha06j . using a similar idea of the second author. 
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